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2. Elasticity 
7. Averaged elasticity of composite materials 
7.1 Introduction 

In this chapter, we discuss how to evaluate bulk elastic moduli of the composite solids whose 
components have different elastic properties. In Hooke’s law, the stress (σ) is proportional to the strain 
(ε) with elasticity (E); 𝜎𝜎 = 𝐸𝐸𝐸𝐸. Now, we consider the composite solid with different elastic moduli, so 
the bulk elastic moduli are changed depending on the condition where the materials deform. That is 
because each phase follows Hooke’s law, though the whole of the material also follows. From this 
perspective, it is implicated that conditions of loaded stress and strain play an important role to 
determine the elastic properties of composite solids. 

In the following section, we first introduce two extreme cases for isotropic bodies, next consider 
more realistic conditions to provide the elastic moduli such as intermediate stress-strain condition and 
cases for non-isotropic materials, and finally show some geoscientific examples. 
 

7.2 Voigt average 

First, let us consider the situation where two solids with different elasticities aligned in parallel to 
the direction of stress (Fig1.1). Let the elasticity of each phase be 𝐸𝐸𝛼𝛼 ,𝐸𝐸𝛽𝛽 and the mass of each phase is 
referred to as 𝑚𝑚𝐴𝐴,𝑚𝑚𝐵𝐵 and their summation is unity, which can be regarded as the mass fraction of each 
phase. 

𝑚𝑚𝛼𝛼 + 𝑚𝑚𝛽𝛽 = 1 (2.7.1) 

Then, Hooke’s law for each phase is described as 

𝜎𝜎𝛼𝛼 = 𝐸𝐸𝛼𝛼𝐸𝐸𝛼𝛼 (2.7.2) 

𝜎𝜎𝛽𝛽 = 𝐸𝐸𝛽𝛽𝐸𝐸𝛽𝛽 (2.7.3) 

where 𝜎𝜎 is stress and 𝐸𝐸 is strain. In the situation we consider now, loaded stresses are different on each 
phase but strains are equal, and the evaluated elastic moduli are called Voigt average.  
 

 
Fig 1.1 Condition assumed in Voigt. Two phases with different elasticities are aligned in parallel to 
the stress direction. The volume fractions are proportional to the mass fractions as shown in the 
figure with the areas. The strain is the same between the phases, but the stress is different now.  

https://en.wikipedia.org/wiki/Elastic_modulus
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https://en.wikipedia.org/wiki/Deformation_(engineering)#Elastic_deformation
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https://en.wikipedia.org/wiki/Stress_(mechanics)
https://en.wikipedia.org/wiki/Deformation_(physics)#Strain
https://en.wikipedia.org/wiki/Deformation_(physics)#Strain
https://en.wikipedia.org/wiki/Elasticity_(physics)
https://en.wikipedia.org/wiki/Isotropy#Materials_science
https://en.wikipedia.org/wiki/Mass
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https://en.wikipedia.org/wiki/Composite_material#Isostrain_rule_of_mixtures
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In addition, Hooke’s law for the whole of material is 

𝜎𝜎𝑉𝑉 = 𝐸𝐸𝑉𝑉𝐸𝐸𝐶𝐶 (2.7.4) 

where 𝜎𝜎𝑉𝑉 is average stress loaded on the whole of material, 𝐸𝐸𝑉𝑉 is bulk elasticity in Voigt average, and 
𝐸𝐸𝐶𝐶 is a common strain. Again, note that the strain is uniform, and the stress is not equal on each phase 
now. Therefore,  

𝐸𝐸𝐶𝐶 = 𝐸𝐸𝛼𝛼 = 𝐸𝐸𝛽𝛽 (2.7.5) 

𝜎𝜎𝑉𝑉 ≠ 𝜎𝜎𝛼𝛼 ≠ 𝜎𝜎𝛽𝛽 (2.7.6) 

Let us assume the average stress is proportional to volume fraction. It also can be represented by the 
mass of each phase, so the average stress can be described by the following relation. 

𝜎𝜎𝑉𝑉 = 𝑚𝑚𝛼𝛼𝜎𝜎𝛼𝛼 + 𝑚𝑚𝛽𝛽𝜎𝜎𝛽𝛽 (2.7.7) 

Then, from (2.7.2), (2.7.3), and (2.7.7), the average stress is expressed by the strain. 

𝜎𝜎𝑉𝑉 = 𝑚𝑚𝛼𝛼𝐸𝐸𝛼𝛼𝐸𝐸𝐶𝐶 + 𝑚𝑚𝛽𝛽𝐸𝐸𝛽𝛽𝐸𝐸𝐶𝐶 = �𝑚𝑚𝛼𝛼𝐸𝐸𝛼𝛼 + 𝑚𝑚𝛽𝛽𝐸𝐸𝛽𝛽�𝐸𝐸𝐶𝐶 (2.7.8) 

Referring to (2.7.4), bulk elasticity in Voigt average can be given by the following form from the 
average stress. 

𝐸𝐸𝑉𝑉 =
𝜎𝜎𝑉𝑉
𝐸𝐸𝐶𝐶

= 𝑚𝑚𝛼𝛼 𝐸𝐸𝛼𝛼 + 𝑚𝑚𝛽𝛽𝐸𝐸𝛽𝛽 (2.7.9) 

(2.7.9) suggests that the average elastic moduli are equal to the volume fraction weighted average of 
elastic moduli of each phase in Voigt average. In other words, it is given by the proportional distribution 
of elastic moduli of each phase to volume fraction in this situation. 
 

7.3 Reuss average 

Next, let us consider the situation where two solids with different elasticities aligned in serial to the 
direction of stress (Fig1.2). In this situation, loaded stress is the same for each phase resulting in the 
difference of strains. Evaluation under this condition is called Reuss average.  
 

 
Fig 1.2 Condition assumed in Reuss. Two phases with different elasticities are aligned in serial to 
stress direction. As same as Voigt, the volume fractions are proportional to the mass fractions. On 
the other hand, the stress is the same between the phases, but the strain is different now. 

https://en.wikipedia.org/wiki/Volume_fraction
https://en.wikipedia.org/wiki/Composite_material#Isostress_rule_of_mixtures
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The Hooke’s law of each phase is also the same as (2.7.2) and (2.7.3), and of the bulk is 

𝜎𝜎𝐶𝐶 = 𝐸𝐸𝑅𝑅𝐸𝐸𝑅𝑅 (2.7.10) 

where 𝜎𝜎𝐶𝐶  is the common stress, 𝐸𝐸𝑅𝑅  is the averaged bulk elasticity in Reuss average, and 𝐸𝐸𝑅𝑅  is the 
averaged strain. Again, note that the stress is uniform, and the strain is not equal on each phase now. 
Therefore,  

𝜎𝜎𝐶𝐶 = 𝜎𝜎𝛼𝛼 = 𝜎𝜎𝛽𝛽 (2.7.11) 

𝐸𝐸𝑅𝑅 ≠ 𝐸𝐸𝛼𝛼 ≠ 𝐸𝐸𝛽𝛽 (2.7.12) 

Let us assume the average strain proportionally depends on the volume fraction represented by the 
mass of each phase. 

𝐸𝐸𝑅𝑅 = 𝑚𝑚𝛼𝛼𝐸𝐸𝛼𝛼 +𝑚𝑚𝛽𝛽𝐸𝐸𝛽𝛽  (2.7.13) 

By transforming and substituting (2.7.2) and (2.7.3) for strain terms in (2.7.13), we can get the averaged 
strain as follows: 

𝐸𝐸𝑅𝑅 = 𝑚𝑚𝛼𝛼
𝜎𝜎𝐶𝐶
𝐸𝐸𝛼𝛼

+ 𝑚𝑚𝛽𝛽
𝜎𝜎𝐶𝐶
𝐸𝐸𝛽𝛽

= �
𝑚𝑚𝛼𝛼

𝐸𝐸𝛼𝛼
+
𝑚𝑚𝛽𝛽

𝐸𝐸𝛽𝛽
�𝜎𝜎𝐶𝐶 (2.7.14) 

Considering to (2.7.10), bulk elasticity in Reuss average can be given by the following form from the 
averaged strain. 

1
𝐸𝐸𝑅𝑅

=
𝐸𝐸𝑅𝑅
𝜎𝜎𝐶𝐶

=
𝑚𝑚𝛼𝛼

𝐸𝐸𝛼𝛼
+
𝑚𝑚𝛽𝛽

𝐸𝐸𝛽𝛽
 (2.7.15) 

(2.7.15) suggests that the inversed average elastic moduli are equal to the volume fraction weighted 
average of inversed elastic moduli of each phase in Reuss average. In other words, it is given by the 
inverse proportional distribution of elastic moduli of each phase to volume fraction in this situation. 
 

7.4 Averaged elastic moduli under intermediate conditions 

In the previous section, we introduce the extreme cases where strain or stress is completely the same 
on phases, but the elastic conditions are always somewhere between the two. Some restrictive averaging 
methods have been suggested for such a condition. 

Hill average is the simplest example, which is the arithmetic average of the Voigt and Reuss 
averages. 

𝐸𝐸𝐻𝐻 =
𝐸𝐸𝑉𝑉 + 𝐸𝐸𝑅𝑅

2
 (2.7.16) 

Hashin-Shtrikman bounds are the most frequently used in geophysics to constraint the elastic 
condition for isotropic materials more strictly than the Voigt and Reuss averages. Let us assume the 
aggregates of spheres with shells and cores composed of the phases with different stiffnesses to estimate 
the bounds (Fig.1.3). Note that this assumption is implicated that these bounds are only determined 
when the materials are highly almost isotropic (Hashin and Shtrikman, 1962). Though they have 
calculated them by complicated variational method, in short, the upper and lower bounds of bulk 
modulus 𝐾𝐾𝐻𝐻𝐻𝐻

±  and rigidity (shear modulus) 𝜇𝜇𝐻𝐻𝐻𝐻
±  are described as follows: 

𝐾𝐾𝐻𝐻𝐻𝐻
± = 𝐾𝐾𝛼𝛼 +

𝑓𝑓𝛽𝛽

�𝐾𝐾𝛽𝛽 − 𝐾𝐾𝛼𝛼�
−1 + 𝑓𝑓𝛼𝛼 �𝐾𝐾𝛼𝛼 + 4

3𝜇𝜇𝛼𝛼�
−1 (2.7.17) 

𝜇𝜇𝐻𝐻𝐻𝐻
± = 𝜇𝜇𝛼𝛼 +

𝑓𝑓𝛽𝛽

�𝜇𝜇𝛽𝛽 − 𝜇𝜇𝛼𝛼�
−1 + 2𝑓𝑓𝛼𝛼(𝐾𝐾𝛼𝛼 + 2𝜇𝜇𝛼𝛼)

5𝜇𝜇𝛼𝛼 �𝐾𝐾𝛼𝛼 + 4
3𝜇𝜇𝛼𝛼�

 
(2.7.18) 

https://en.wikipedia.org/wiki/Arithmetic_mean
https://en.wikipedia.org/wiki/Geophysics
https://en.wikipedia.org/wiki/Calculus_of_variations
https://en.wikipedia.org/wiki/Bulk_modulus
https://en.wikipedia.org/wiki/Bulk_modulus
https://en.wikipedia.org/wiki/Shear_modulus
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where 𝐾𝐾𝐴𝐴,𝐵𝐵, 𝜇𝜇𝐴𝐴,𝐵𝐵, 𝑓𝑓𝐴𝐴,𝐵𝐵 is the bulk modulus, rigidity, and volume fraction of each phase, respectively. 
The upper bound is given when the phase 𝛼𝛼 is stiffer than 𝛽𝛽, i.e., 𝐾𝐾𝛽𝛽 < 𝐾𝐾𝛼𝛼  or 𝜇𝜇𝛽𝛽 < 𝜇𝜇𝛼𝛼. In the opposite 
condition, the lower bound is obtained.  
 

 
Fig 1.3 Schematic drawing of grains assumed by Hashin and Strikman. They have shells and cores 
with different stiffnesses. Note that it is suggested that isotropy is highly required in this theory. 

 

7.5 Difference between the bounds of elastic moduli of two mineral mixtures 

Let us compare the averaged elastic moduli shown above using two concrete examples where the 
relative stiffness between the phases is different. 

First, we consider the mixed material consisted of phase 𝛼𝛼 (𝐾𝐾𝑠𝑠𝛼𝛼 = 240 GPa) and 𝛽𝛽 (𝐾𝐾𝑠𝑠
𝛽𝛽= 160 GPa), 

which represent bridgmanite for 𝛼𝛼 and periclase for 𝛽𝛽 respectively, in terms of earth science. In this 
case, note that phase 𝛼𝛼 is stiffer than 𝛽𝛽 but their difference is not significant. Fig.1.4 shows the bulk 
modulus of the whole body obtained by Voigt average, Reuss average, and Hashin-Shtrikman bounds, 
and their differences. Voigt average is always higher than Reuss average, and their difference is up to 
~8 GPa when the volume fraction of A is ~45 %. On the other hand, a difference of Hashin-Shtrikman 
upper and lower bounds is so negligible that we cannot distinguish each other on the graph, whose 
maximum is up to only ~0.4 GPa. In other words, Hashin-Shtrikman bound can limit the available value 
of elastic moduli in this situation. Therefore, it will be useful to estimate the elastic properties when the 
material consists of phases with similar stiffnesses. 
 

 
Fig 1.4. The bulk moduli (left axis) and their difference between the bounds (right axis) when the 
stiffnesses are similar with each phase. The horizontal axis shows the fraction of phase β, so the left 
end is pure α and the right is pure β. The difference in Hashin-Strikman bound is quite small here. 

https://en.wikipedia.org/wiki/Silicate_perovskite
https://en.wikipedia.org/wiki/Periclase
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Next, let us assume that the material consists of phase 𝛼𝛼 and 𝛽𝛽 but 𝛼𝛼 is much stiffer than 𝛽𝛽 (𝐾𝐾𝑠𝑠𝛼𝛼 = 
130 GPa, 𝐾𝐾𝑠𝑠

𝛽𝛽= 10 MPa). This is the case where 𝛼𝛼 is the analogue of olivine and 𝛽𝛽 is of pores filled with 
fluid phase. Fig1.5 shows averaged elastic moduli of it. As shown, bulk modulus in Voigt average is 
almost the same as pure phase 𝛼𝛼 while one in Reuss is identical to pure pore phase 𝛽𝛽. As same as the 
two, Hashin-Strikman upper bound is almost the same as pure 𝛼𝛼, and the lower bound is almost identical 
to pure 𝛽𝛽. Even if the porosity is only 1%, the bulk modulus goes less than 10% to the value of pure 𝛼𝛼. 
In this situation, therefore, Hashin-Strikman bounds also cannot be representative of available elastic 
moduli. It suggests that every average shown here does not have any essential meaning to evaluate the 
elastic properties of composite material in this situation. These tendencies also can be expected by their 
formulas. Because of 𝐾𝐾𝑠𝑠𝛼𝛼 ≫ 𝐾𝐾𝑠𝑠

𝛽𝛽 now, bulk modulus in Voigt average seems to be dominated by the 
value of 𝐾𝐾𝑠𝑠𝛼𝛼 referring to (2.7.9). As for Hashin-Strikman upper bound, it is also estimated that it will be 
almost the same as 𝐾𝐾𝑠𝑠𝛼𝛼, especially when the fraction of phase 𝛽𝛽 is small, with (2.7.17).  

 

 
Fig 1.5 The bulk moduli (left axis) and the differences (right axis) when the stiffnesses are very 
different. The horizontal axis shows the fraction of phase β. The left end is pure α, but the right is 
only 5% of pure β. The difference in Hashin-Strikman bound is also large as in Voigt and Reuss. 

 
In conclusion, it is very difficult to estimate the bulk modulus of composite materials when they 

consist of phases with quite different stiffnesses such as materials with fluid pores. 
 

7.6 Bulk modulus of non-isotropic composite materials 

Up to this point, though we have assumed isotropic materials, we now consider the bulk modulus 
of non-isotropic composite bodies. Reuss and Voigt averages are calculated in this situation as same as 
isotropic. Again, note that bulk modulus K is defined as the volume-normalized derivative of pressure 
(P) with respect to volume (V).  

𝐾𝐾 ≡ −𝑉𝑉
∆𝑃𝑃
∆𝑉𝑉

= −
∆𝑃𝑃
∆𝑉𝑉
𝑉𝑉

 (2.7.19) 

Therefore, if we know the relative volume change ∆𝑉𝑉/𝑉𝑉  and confining pressure ∆𝑃𝑃  under elastic 
deformation, we can obtain bulk modulus. In the following, we focus on these values and estimate them 
in Reuss and Voigt averaging conditions to evaluate bulk moduli of non-isotropic bodies. 

In Reuss average where stresses are identical, suppose that crystals are under hydrostatic pressure. 
In this condition, normal stresses are equal to confining pressure and shear stresses are zero. Therefore, 
stress components are described as 

https://en.wikipedia.org/wiki/Olivine
https://en.wikipedia.org/wiki/Void_(composites)
https://en.wikipedia.org/wiki/Fluid
https://en.wikipedia.org/wiki/Porosity
https://en.wikipedia.org/wiki/Derivative
https://en.wikipedia.org/wiki/Pressure
https://en.wikipedia.org/wiki/Volume
https://en.wikipedia.org/wiki/Hydrostatic_stress
https://en.wikipedia.org/wiki/Hydrostatics#Hydrostatic_pressure
https://en.wikipedia.org/wiki/Stress_(mechanics)#Normal_and_shear_stress
https://en.wikipedia.org/wiki/Shear_stress
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𝜎𝜎1 = 𝜎𝜎2 = 𝜎𝜎3 = −∆𝑃𝑃 (2.7.20) 

𝜎𝜎4 = 𝜎𝜎5 = 𝜎𝜎6 = 0 (2.7.21) 

respectively, where 𝜎𝜎𝑖𝑖 is stress components and 𝑃𝑃 is confining pressure. In generalized Hooke’s law in 
the inversed expression, strain can be written as follows: 

⎣
⎢
⎢
⎢
⎢
⎡
𝐸𝐸1
𝐸𝐸2
𝐸𝐸3
𝐸𝐸4
𝐸𝐸5
𝐸𝐸6⎦
⎥
⎥
⎥
⎥
⎤

= �
𝑆𝑆11 ⋯ 𝑆𝑆16
⋮ ⋱ ⋮
𝑆𝑆61 ⋯ 𝑆𝑆66

�

⎣
⎢
⎢
⎢
⎢
⎡
𝜎𝜎1
𝜎𝜎2
𝜎𝜎3
𝜎𝜎4
𝜎𝜎5
𝜎𝜎6⎦
⎥
⎥
⎥
⎥
⎤

= �𝑆𝑆𝑖𝑖𝑖𝑖�

⎣
⎢
⎢
⎢
⎢
⎡
−∆𝑃𝑃
−∆𝑃𝑃
−∆𝑃𝑃

0
0
0 ⎦

⎥
⎥
⎥
⎥
⎤

 (2.7.22) 

where 𝐸𝐸𝑖𝑖 is strain and 𝑆𝑆𝑖𝑖𝑖𝑖 is elastic compliance constant. Using from (2.7.20) to (2.7.22), we can obtain 
each strain component as 

𝐸𝐸1 = 𝑆𝑆11𝜎𝜎1 + 𝑆𝑆12𝜎𝜎2 + 𝑆𝑆13𝜎𝜎3 = −∆𝑃𝑃(𝑆𝑆11 + 𝑆𝑆12 + 𝑆𝑆13) 
⋮ 

𝐸𝐸6 = 𝑆𝑆61𝜎𝜎1 + 𝑆𝑆62𝜎𝜎2 + 𝑆𝑆63𝜎𝜎3 = −∆𝑃𝑃(𝑆𝑆61 + 𝑆𝑆62 + 𝑆𝑆63) 
(2.7.23) 

Where, relative volume change ∆𝑉𝑉/𝑉𝑉 is the summation of compressional strains, so 

∆𝑉𝑉
𝑉𝑉

= �𝐸𝐸𝑖𝑖

3

𝑖𝑖=1

 (2.7.24) 

and now, from 𝑖𝑖 = 1~3 of (2.7.23), we can get 

∆𝑉𝑉
𝑉𝑉

= � 𝑆𝑆𝑖𝑖𝑖𝑖𝜎𝜎𝑖𝑖

3

𝑖𝑖,𝑖𝑖=1

= −∆𝑃𝑃 � 𝑆𝑆𝑖𝑖𝑖𝑖

3

𝑖𝑖,𝑖𝑖=1

 (2.7.25) 

That is why the bulk modulus in Reuss average is described as follows: 

1
𝐾𝐾𝑅𝑅

= −
∆𝑉𝑉
𝑉𝑉
∆𝑃𝑃

= � 𝑆𝑆𝑖𝑖𝑖𝑖

3

𝑖𝑖,𝑖𝑖=1

 (2.7.26) 

𝐾𝐾𝑅𝑅 =
1

𝑆𝑆11 + 𝑆𝑆22 + 𝑆𝑆33 + 2(𝑆𝑆12 + 𝑆𝑆23 + 𝑆𝑆13)
 (2.7.27) 

We can find that the bulk modulus in Reuss average is expressed by the inverse of summation of the 
elastic compliance constants. This tendency is consistent with the fact that Reuss average for isotropic 
material depended on the inversed elasticity, which is the proportional constant in inversed Hooke’s 
law, because the compliance constants are also proportional constant in the generalized law. 

In Voigt average where loaded strains are identical, we can consider crystals are equally compressed 
from three directions. Therefore, strain components are described as 

𝐸𝐸1 = 𝐸𝐸2 = 𝐸𝐸3 = −
1
3
∆𝑉𝑉
𝑉𝑉

 (2.7.28) 

𝐸𝐸4 = 𝐸𝐸5 = 𝐸𝐸6 = 0 (2.7.29) 

because relative volume change with compression when the strain is identical is written as follows: 

−
∆𝑉𝑉
𝑉𝑉

= �𝐸𝐸𝑖𝑖

3

𝑖𝑖=1

= 3𝐸𝐸1 = 3𝐸𝐸2 = 3𝐸𝐸3 (2.7.30) 

Now, generalized Hooke’s law is 

https://en.wikipedia.org/wiki/Hooke%27s_law#:%7E:text=real%20number%20k.-,Hooke%27s%20law%20for%20continuous%20media,-Main%20article%3A%20linear
https://en.wikipedia.org/wiki/Hooke%27s_law#:%7E:text=s%2C%20called%20the-,compliance%20tensor,-%2C%20represents%20the%20inverse
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⎣
⎢
⎢
⎢
⎢
⎡
𝜎𝜎1
𝜎𝜎2
𝜎𝜎3
𝜎𝜎4
𝜎𝜎5
𝜎𝜎6⎦
⎥
⎥
⎥
⎥
⎤

= �
𝐶𝐶11 ⋯ 𝐶𝐶16
⋮ ⋱ ⋮
𝐶𝐶61 ⋯ 𝐶𝐶66

�

⎣
⎢
⎢
⎢
⎢
⎡
−∆𝑉𝑉/3𝑉𝑉
−∆𝑉𝑉/3𝑉𝑉
−∆𝑉𝑉/3𝑉𝑉

0
0
0 ⎦

⎥
⎥
⎥
⎥
⎤

 (2.7.31) 

where 𝐶𝐶𝑖𝑖𝑖𝑖 is elastic constant. Then, confining pressure is the average of normal stresses, so 

−∆𝑃𝑃 =
𝜎𝜎1 + 𝜎𝜎2 + 𝜎𝜎3

3
= −

1
9
∆𝑉𝑉
𝑉𝑉

[𝐶𝐶11 + 𝐶𝐶22 + 𝐶𝐶33 + 2(𝐶𝐶12 + 𝐶𝐶23 + 𝐶𝐶13)] (2.7.32) 

Therefore, the bulk modulus in Voigt average is described as follows: 

𝐾𝐾𝑉𝑉 = −
∆𝑃𝑃
∆𝑉𝑉
𝑉𝑉

=
𝐶𝐶11 + 𝐶𝐶22 + 𝐶𝐶33 + 2(𝐶𝐶12 + 𝐶𝐶23 + 𝐶𝐶13)

9
 (2.7.33) 

This shows that the bulk modulus in Voigt average proportionally depends on the summation of elastic 
constants. With the same logic for Reuss average, this is also consistent with the fact that Voigt average 
for isotropic material proportionally depended on the summation of elasticity.  
 

7.7 Rigidity of non-isotropic composite materials 

The rigidity of non-isotropic polycrystal can be estimated with elastic modulus components and its 
definition. Here, it is Reuss average when stresses between adjacent crystals are the same and Voigt 
average when strains are. Though both have been demonstrated by original authors, the rigidity of 
orthorhombic crystal is simply described by the following according to Angle et al. (2009). 

𝐺𝐺𝑅𝑅 =
15

4(𝑆𝑆11 + 𝑆𝑆22 + 𝑆𝑆33)− 4(𝑆𝑆12 + 𝑆𝑆23 + 𝑆𝑆13) + 3(𝑆𝑆44 + 𝑆𝑆55 + 𝑆𝑆66)
 (2.7.34) 

𝐺𝐺𝑉𝑉 =
(𝐶𝐶11 + 𝐶𝐶22 + 𝐶𝐶33)− (𝐶𝐶12 + 𝐶𝐶13 + 𝐶𝐶23) + 3(𝐶𝐶44 + 𝐶𝐶55 + 𝐶𝐶66)

15
 (2.7.35) 

where 𝐺𝐺𝑅𝑅 , 𝐺𝐺𝑉𝑉  is rigidity in Reuss and Voigt averages, 𝑆𝑆𝑖𝑖𝑖𝑖  is elastic compliance constant, and 𝐶𝐶𝑖𝑖𝑖𝑖  is 
elastic constant. As same as averaged bulk modulus, Reuss average inversely depends on the summation 
of elastic compliance constants and Voigt average proportionally depends on the summation of elastic 
constants. 
 

7.8 Geoscientific examples of averaged elastic moduli 

Finally, we show and compare some geoscientific examples of Voigt and Reuss averages of bulk 
modulus and rigidities (Table1.1). In Table1.1, crystals from gold (Au) to halite (NaCl) are cubic, 
stishovite is tetragonal, and the others are orthorhombic. The differences of the bulk modulus in Voigt 
and Reuss averages are all zero in cubic crystals and, even in orthorhombic crystals, they are very small 
only up to 2 %. This shows that the differences in bulk modulus do not have distinct systematic 
dependences on crystal systems. In terms of rigidity, they are not identical even in the same crystal 
systems and they are larger than in bulk modulus. For example, gold has the largest value ~13 % in the 
table but the difference for pyrope is zero, even though both are cubic. Similarly, fayalite shows a 
difference of about 5% while the difference in bridgmanite is almost zero in orthorhombic systems.  As 
same as bulk moduli, differences in rigidity do not have a distinct tendency to crystal symmetry. In 
conclusion, the difference of elastic moduli in Voigt and Reuss averages does not depend on the crystal 
systems. 

 
 
 

https://en.wikipedia.org/wiki/Hooke%27s_law#:%7E:text=stiffness%20tensor%20or-,elasticity%20tensor,-.%20One%20may%20also
https://en.wikipedia.org/wiki/Orthorhombic_crystal_system
https://en.wikipedia.org/wiki/Crystal
https://en.wikipedia.org/wiki/Gold
https://en.wikipedia.org/wiki/Halite
https://en.wikipedia.org/wiki/Cubic_crystal_system
https://en.wikipedia.org/wiki/Stishovite
https://en.wikipedia.org/wiki/Crystal_system
https://en.wikipedia.org/wiki/Pyrope
https://en.wikipedia.org/wiki/Fayalite
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Table 1.1 Earth scientific examples of elastic constants (Cij), bulk moduli (K), rigidities (G), and 
their differences. The crystal systems from Au to Halite are cubic, stishovite is tetragonal, and the 
others are orthorhombic. By their differences, the blank spaces in Cij sections are caused. 

 
 


	2. Elasticity
	7. Averaged elasticity of composite materials
	7.1 Introduction
	7.2 Voigt average
	7.3 Reuss average
	7.4 Averaged elastic moduli under intermediate conditions
	7.5 Difference between the bounds of elastic moduli of two mineral mixtures
	7.6 Bulk modulus of non-isotropic composite materials
	7.7 Rigidity of non-isotropic composite materials
	7.8 Geoscientific examples of averaged elastic moduli



